Experiments have demonstrated that in mice, the PVT strongly projects to the CeL and participates in the formation of fear memories by synaptic potentiation in the amygdala. Herein, we propose a mathematical model based on a positive feedback loop of BDNF expression and signaling to investigate PVT manipulation of synaptic potentiation. The model is validated by comparisons with experimental observations. We find that a high postsynaptic firing frequency after stimulation is induced by presynaptic Ca 2þ when the rates of BDNF secretion from PVT and LA neurons to the CeL are above a threshold value. Moreover, the positive feedback of postsynaptic BDNF production is important for the maintenance of the high excitability of the SOM þ CeL neuron after stimulation. The model brings insight into the underlying mechanisms of PVT modulation of synaptic potentiation at LA-CeL synapses and provides a framework of understanding other similar processes associated with synaptic plasticity.
Introduction
Animal anxiety disorders, dependent on fear learning, are associated with clear modifications of neural network activities (Duvarci and Pare 2014; Shin and Liberzon 2010; Graham and Milad 2011; Mahan and Ressler 2012) . Pavlovian conditioning, consisting of the combination of a neutral conditioning stimulus (CS, for example, a tone) with a noxious unconditioning stimulus (US, for example, a foot shock), is often used to experimentally elicit fear responses in animals (Duvarci and Pare 2014; Pape and Pare 2010; Janak and Tye 2015) . Fear conditioning can induce widespread synaptic plasticity in many brain regions, including the thalamus, auditory cortex and lateral amygdala (LA) (Pape and Pare 2010; Armony et al. 1998; Sigurdsson et al. 2007 ; Letzkus et al. 2011; Cho et al. 2011) . It is a fundamental issue in neuroscience to uncover the underlying mechanisms of synaptic plasticity.
The amygdala is a critical component of the neural circuitry essential for fear learning, including the acquisition, storage, and expression of fear memories (Janak and Tye 2015; LeDoux 2000 LeDoux , 2003 Roozendaal et al. 2009; Tye et al. 2011; Tovote et al. 2015) . The LA receives thalamic and cortical inputs that are involved in the process of fear conditioning; the input signals are conveyed to the basal nucleus of the amygdala (BA) and the lateral division of the central amygdala (CeL), which relay the signals to the medial subdivision of the central amygdala (CeM) (see Fig. 1 ) (Duvarci and Pare 2014; Janak and Tye 2015; Johansen et al. 2011) . After fear conditioning, a population of CeL neurons acquires excitatory responses (CeL on neurons), while other neurons display strong inhibitory responses (CeL off neurons) to CS Haubensak et al. 2010; Duvarci et al. 2011 ). These two subtypes of CeL neurons inhibit each other, and the inhibitory microcircuit in the CeL regulates the CeM output to control the level of conditioned freezing Haubensak et al. 2010) . LA-CeL synaptic plasticity is essential in fear learning. Experiments have demonstrated that fear conditioning in mice can induce robust synaptic potentiation at the LACeL synapses, and changes in presynaptic release can partly account for the fear conditioning-induced synaptic plasticity in the CeL . At the molecular level, synaptic plasticity involves the activities of postsynaptic excitatory receptors, e.g., N-methyl-D-aspartate (NMDA), and a-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid (AMPA) glutamate receptors (Soderling and Derkach 2000; Song and Huganir 2002; Lee 2006) . Moreover, cascades of second messengers can regulate the activities and expression of key proteins at synapses to interfere with synaptic plasticity (Lisman and Zhabotinsky 2001; Merrill et al. 2005; Zhong et al. 2009 ).
Brain-derived neurotrophic factor (BDNF), a member of the neurotrophin family of growth factors that facilitate neuronal survival and development, is a key regulator of synaptic plasticity (McAllister et al. 1999; Lu 2003; Li et al. 2013; Bramham and Messaoudi 2005; Cowansage et al. 2010; Edelmann et al. 2014) . Presynaptic depolarization elicits the transcription of the BDNF gene, as well as the synthesis and secretion of BDNF proteins by presynaptic nerve terminals (Lu 2003; Black 1999) . Secreted BDNF at synapses may act on both pre-and postsynaptic compartments to alter the efficacy of synaptic transmission and the capacity of activity-induced long-term potentiation (LTP) (Tyler et al. 2002; Park and Poo 2013) . Binding of BDNF to the postsynaptic TrkB receptor can phosphorylate the NMDA receptor, which induces the enhancement of Ca 2þ influx and the activation of the cyclic AMP response element (CRE)-binding protein (CREB) via intracellular signaling pathways. Activated CREB at the BDNF promoter leads to an increase in BDNF expression and subsequent secretion by the postsynaptic nerve terminals (Black 1999; Tyler et al. 2002) .
Recent studies have suggested that the paraventricular nucleus of the thalamus (PVT) is a crucial component of fear-processing circuits (Do-Monte et al. 2015; Penzo et al. 2015) . The PVT strongly projects to the CeL and participates in the formation of fear memories via the regulation of fear conditioning-induced plasticity at the LA-CeL synapses (Penzo et al. 2015) . PVT neurons preferentially innervate somatostatin-positive (SOM þ ) neurons in the CeL, and the stimulation of PVT afferents facilitates SOM þ neuron activity and promotes intra-CeL inhibition (Penzo et al. 2015) . The majority of CeL-projecting PVT neurons synthesize and release BDNF to the CeL to mediate PVT-CeL communication (Penzo et al. 2015) . Interestingly, only long-term synaptic potentiation is susceptible to PVT manipulations; short-term synaptic potentiation is not affected when the PVT is inactivated (Do-Monte et al. 2015; Penzo et al. 2015) . However, it remains unclear how the PVT regulates the maintenance of fear conditioning-induced plasticity at LA-CeL synapses and how transient stimuli can induce long-term synaptic potentiation.
Many computational models of neural networks have been developed to understand the process of conditioned fear in the amygdala (Armony et al. 1995; Balkenius and MorÉ n 2001; Li et al. 2009; Kim et al. 2013a, b) . Li et al. (2009) proposed a biophysically realistic network model of LA neuron activity during fear conditioning and extinction. In this model, fear learning is modeled through Hebbian plasticity, which is implemented in excitatory AMPA and inhibitory GABA A receptor-mediated synapses (Li et al. 2009 ). Furthermore, the calcium control hypothesis is introduced in the model, where synaptic potentiation or depression is determined by intracellular calcium levels (Li et al. 2009 ). The main finding in this study is that LA activity during both acquisition and extinction can be controlled through a balance between pyramidal cell and interneuron activation (Li et al. 2009 ). Kim et al. (2013b) developed a large-scale biophysical model of the LA to investigate the relative contributions of plasticity in the amygdala versus its afferent pathways to conditioned fear. The model reproduces previous findings regarding the cellular correlates of fear conditioning in the LA (Kim et al. 2013b ). Model simulations demonstrate that traininginduced increases in the responsiveness of afferent neurons are required for fear memory formation, and the synaptic plasticity between LA neurons only play a minor role in the (Kim et al. 2013b) . A subsequent study based on this model demonstrated that LA neurons with high intrinsic excitability are more likely to be integrated into memory traces (Kim et al. 2013a ). In these large-scale network models, Hebbian plasticity is implemented to model learning via the adjustment of synaptic weights in the synaptic conductances, and the learning rate in the Hebbian rule is dependent on the calcium level. However, the molecular mechanisms that underlie synaptic plasticity in the amygdala remain elusive. Specifically, the question arises how calcium levels control synaptic potentiation.
In this study, we develop a computational model to investigate the underlying mechanisms of PVT manipulation of synaptic plasticity at LA-CeL synapses. The model consists of a presynaptic vesicle-release process, the postsynaptic membrane potential, and the regulation of BDNF gene expression. We introduce the hypothesis that there is a positive feedback loop of BDNF transcription in the postsynaptic compartment; this positive feedback is important for the persistence of the PVT manipulation. Model simulations were used to examine previous experimental findings regarding how the PVT controls the potentiation of excitatory synapses onto SOM þ CeL neurons (Penzo et al. 2015) . We confirm that there is a threshold for the total secretion rate of BDNF from the PVT and LA neurons to the CeL. When the secretion rate is above the threshold, presynaptic calcium concentrations, as well as postsynaptic firing frequencies, switch from low to high. In addition, our results reveal a linear dependence between the postsynaptic firing frequency and the presynaptic Ca 2þ concentration. We further demonstrate that the positive feedback loop of BDNF expression at a certain strength is crucial for the maintenance of the high spontaneous firing frequency of SOM þ CeL neurons after stimulation. Finally, we find that short-term synaptic potentiation at the LA-CeL synapses can be regulated by the secretion of BDNF from the LA to the CeL.
Model and method

Model description
Our model considers LA-CeL synaptic plasticity through the action potentials of a postsynaptic neuron (see Fig. 2a ). There are many LA-CeL synapses contained on the dendrite of an SOM þ CeL neuron, and all synaptic currents are integrated to induce action potentials in the postsynaptic neuron. Axons originating from both LA and PVT neurons enter the CeL to innervate SOM þ CeL neurons. Fear conditioning induces synaptic potentiation at the LA-CeL synapses, which is associated with increases in both frequency and amplitude of the miniature excitatory postsynaptic currents (mEPSC) Penzo et al. 2015) . The model describes the synaptic potentiation at the LA-CeL synapses, which is measured by the high spontaneous firing frequency of the SOM þ CeL neuron. Illustration of a single LA-CeL synapse is shown in Fig. 2b . The PVT strongly projects to the CeL and participates in the formation of fear memories via the regulation of fear conditioning-induced plasticity at the LACeL synapses (Penzo et al. 2015) . The PVT modulates SOM þ CeL neurons through a circuit that involves BDNF secretion during fear conditioning and activation of the BDNF receptor tropomyosin-related kinase B (TrkB) in SOM þ CeL neurons (Penzo et al. 2015) . Molecular interactions of the circuit are detailed below.
The neurotrophic factor BDNF is important for the modulation of both presynaptic and postsynaptic neurons. Presynaptically, the binding of BDNF to the TrkB receptor activates PLC-c, triggers the release of Ca 2þ from internal calcium stores, and in turn enhances the release of the neurotransmitter glutamate (Glu) from the presynaptic nerve terminal (Park and Poo 2013; Leal et al. 2014; Yano et al. 2006) . Postsynaptically, the neurotransmitter Glu binds to both NMDA and AMPA glutamate receptors (Li et al. 1995; McKernan and Shinnick-Gallagher 1997) . Glutamate activates AMPA channels to produce a net inward current of Na þ influx, while the EPSC component of NMDA current contains both Na þ and Ca 2þ influxes (Collingridge and Lester 1989) . Binding of BDNF to the postsynaptic TrkB receptor can phosphorylate the NMDA receptor to increase the conductance of the NMDA channel and upregulate the Ca 2þ influx and NMDAR-mediated synaptic current (Black 1999; Tyler et al. 2002) . The intracellular Ca 2þ signal subsequently activates several forms of calcium/calmodulin-dependent kinases (CaMK) (Finkbeiner et al. 1997) . Moreover, the phosphorylation of TrkB receptors leads to Ras-dependent activation of mitogen-activated protein kinase (MAPK)/extracellular signal-regulated kinase (ERK) (Finkbeiner et al. 1997 ). Both CaMK-regulated and MAPK-dependent pathways converge to CREB (Finkbeiner et al. 1997; Ying et al. 2002) . Hence, BDNF induces the phosphorylation and activation of CREB through these signaling cascades. Finally, activated CREB binds to its cognate-binding site, CRE, a BDNF promoter, to promote the transcription of BDNF in the postsynaptic neuron (Johansen et al. 2011; Tyler et al. 2002; Martinowich et al. 2003) .
The PVT is a major source of BDNF for the CeL (Penzo et al. 2015) . In light-foot shock paired training, fear conditioning induces BDNF gene expression in the LA Gean 2006, 2007) , which might become a second source of BDNF in the CeL. Therefore, we assume that both the LA and the CeL-projecting PVT neurons can secrete BDNF to the CeL during stimulation. Moreover, normal neural activity can induce BDNF secretion from the dendrites of cultured hippocampal neurons (Matsuda et al. 2009 ). Thus, we further assume that BDNF is also synthesized and secreted from the SOM þ CeL neuron.
Mathematical formulations
Formulations of the model include the following three components: a presynaptic vesicle-release process, postsynaptic membrane potential, and BDNF concentration dynamics.
Presynaptic vesicle-release process
The component of presynaptic vesicle-release describes the process of Glu release at a single synapse regulated by presynaptic Ca 2þ . Here, we refer to the three-states model proposed in Tsodyks and Markram (1997) and Nadkarni et al. (2008) . The presynaptic neurotransmitter resources are partitioned into three states: effective (E), inactive (I), and recovered (R). For a single synapse, the dynamics of the fraction of neurotransmitter resources in each state are given by equations below (Tsodyks and Markram 1997) :
where E, I, and R are the fraction of resources at the corresponding state (I ¼ 1 À R À E), and s in and s rec are the time constants of inactivation and recovery, respectively. The delta function dðt À t i Þ represents the events of spontaneous or stimulated vesicle release at the discrete time series t i . In each synapse, the neurotransmitter content of a vesicle, uR, is released into the synaptic cleft upon vesicle release. Presynaptic Ca 2þ (C pre for the concentration) binds to the vesicle release machinery to regulate spontaneous vesicle release (Nadkarni et al. 2008; Schneggenburger and Neher 2000; Bollmann et al. 2000) . In a single synapse, the events of spontaneous vesicle release are assumed to be a Poisson process, and the rate kðC pre Þ is given below (Nadkarni et al. 2008) :
The presynaptic Ca 2þ released from the internal calcium stores includes the basal release (with a rate k b;pre ) and the stimulated release (with a rate k BC ð½BDNF ext Þ) induced by TrkB activation when presynaptic TrkB is bound to extracellular BDNF. Thus, the dynamics of presynaptic Ca 2þ concentration is formulated as 
where s Ca is the time constant of Ca 2þ clearance, and the rate of BDNF-induced presynaptic Ca 2þ release is given by the Michaelis-Menten function:
Postsynaptic membrane potential
The component of postsynaptic membrane potential describes the action potential at the soma in response to the integration of synaptic currents from AMPA and NMDA channels. The cell membrane potential is modeled on the classic Hodgkin-Huxley equations (Hodgkin and Huxley 1952) , and the AMPA and NMDA currents are incorporated into the equations through effective integrated synaptic currents (Destexhe et al. 1998 ).
The equations for the action potential of the postsynaptic CeL neuron are given by:
Here, g i (i ¼ Na; K; L) are maximum conductances, V i are equilibrium potentials, and a i and b i (i ¼ m; h; n) are opening and closing rates of the ion channel gates, I syn represents the effective integrated synaptic currents due to AMPA and NMDA channels in the LA-CeL synapses, and I 0 is the integration of all other external stimulations onto the postsynaptic neuron. The rates a i ; b i are similar to the classic HodgkinHuxley equation (Hodgkin and Huxley 1952) :
The synaptic current I syn consists of I AMPA and I NMDA , representing effective currents onto the postsynaptic neuron due to AMPA and NMDA channels from all LA-CeL synapses, respectively:
The effective currents are given by effective conductance and the potential as:
Here, g AMPA and g NMDA are maximal effective soma conductances of an LA-CeL synapse through the AMPA and NMDA channels on the dendrite according to Zhou et al. (2013) , so that I AMPA and I NMDA represent the effective soma currents onto the postsynaptic neuron due to AMPA and NMDA channels from the LA-CeL synapses, respectively. The coefficient l represents the number of effective LA-CeL synapses to produce the synaptic currents, and r a and r n are fractions of the open state AMPA receptors (AMPAR) and NMDA receptors (NMDAR), respectively. In Eqs. (20) and (21), a i and b i ði ¼ AMPA; NMDAÞ are the opening and closing rates of the gate channels, and k g is the total concentration of presynaptic neurotransmitters. The equilibrium potentials of AMPAR and NMDAR are assumed to be the same value, V E (Destexhe et al. 1998; Wang 1999; Kirli et al. 2014 ). In addition, magnesium blocks the NMDA receptor channel in a voltage-dependent way (Jahr and Stevens 1990; Vargas-Caballero and Robinson 2004; Maio et al. 2016a, b) , hence the NMDA current is controlled by the concentration of extracellular magnesium (½Mg 2þ ) and the membrane voltage (V). The AMPA channel conductance is upregulated by postsynaptic Ca 2þ via the phosphorylation of the AMPAR GluR1 subunit and the promotion of GluR1 insertion (Lisman et al. 2012) . Hence, we assume that g AMPA depends on postsynaptic Ca 2þ concentration, C post , through the Michaelis-Menten dynamics:
where k bA and k dA are the basal rates of increasing and decreasing AMPA channel maximal effective soma conductance, respectively. The maximal effective NMDA conductance, g NMDA , is dependent on the extracellular BDNF concentration (½BDNF ext ) as a result of TrkB activation following BDNF binding and is modeled by the Michaelis-Menten dynamics:
where k bN and k dN are the basal rates of increasing and decreasing NMDA channel maximal conductance, respectively.
BDNF dynamics
The component of BDNF dynamics describes the changes in BDNF concentration. We omit the changes of BDNF concentration in the LA and PVT neurons for simplicity and only consider the dynamics of intracellular BDNF in the SOM þ CeL neuron (½BDNF in ) and extracellular BDNF in the CeL (½BDNF ext ).
In the SOM þ CeL neuron, the transcription of BDNF is upregulated with active CREB, and CREB activation is dependent on the intracellular signaling pathways that involve postsynaptic Ca 2þ and extracellular BDNF through the receptor TrkB. Hence, the intracellular BDNF synthesis rate can be given by a function of ½CREB, and the CREB activation rate is expressed as a function of C post and ½BDNF ext . Moreover, intracellular BDNF is secreted to the extracellular space with a rate V BDNF . In addition, we assume that the PVT and the LA neurons release BDNF to the CeL during stimulation with the rates k PVT and k LA , respectively. These processes lead to the following equations:
where k d;CREB is the inactivation rate of CREB, k d1 and k d2 are the degradation rates of intracellular and extracellular BDNF, respectively, and k b2 is the total basal BDNF secretion rate. The intracellular BDNF synthesis rate k B ð½CREBÞ is formulated as a Hill-type function:
in which k b1 indicates the basal synthesis rate. The CREB activation rate k b ðC post ; ½BDNF ext Þ is provided as follows:
in which k b;CREB is the basal activation rate, and the dependence with ½BDNF ext is provided by the MichaelisMenten function. Finally, the sources of postsynaptic Ca 2þ include two parts, a basal release (with a rate k b;post ) from the calcium stores and an influx through NMDARs that is dependent on the conductance of the NMDA channel (with a rate k N g NMDA r n ). Thus, the dynamics of postsynaptic Ca 2þ concentration is formulated as follows:
where s Ca is the time constant of Ca 2þ clearance. Equations (1)- (29) provide a set of differential equations for the model. All values of default parameters used in our study are listed in Table 1 , in which most parameter values are referred to the published literature, and the others are set to fit the experimental data.
Methods
The differential equations are solved with the Euler scheme. All simulations were performed in MATLAB, and the codes are available upon request. Note that the time scale of the model covers a wide range, over milliseconds of membrane potential dynamics, seconds of gene expression, and hours of simulations for the system to reach a stationary state. Therefore, we performed the simulations with a time step of 0.02 ms and extended the simulation to 24 h in order to compare our model simulations with experimental findings.
In simulations, fear training was mimicked by a 200 s stimulation with the following processes.
1. The frequency of presynaptic vesicle release following the arrival of presynaptic action potentials is 40 Hz and is independent of kðC pre Þ; 2. The PVT secretes BDNF at a rate of k PVT ¼ 2:3 Â 10 À4 lM ms À1 ; 3. The LA secretes BDNF at a rate of k LA ¼ 2:2 Â 10 À4 lM ms À1 .
We defined k s ¼ k PVT þ k LA as the total rate of BDNF secretion from PVT and LA neurons, and set k s ¼ 4:5 Â 10 À4 lM ms À1 during stimulation. In data analysis, the firing frequency is defined as the average number of spikes per second. To eliminate errors in data analysis, the firing frequency at a particular point of time is obtained from dynamic data over a range of 500 s starting from the given time point and averaged over three independent runs. In the following analyses, the simulation results are labeled ''Control'', ''Normal, stimulated'', ''PVT inactivation, stimulated'', ''Trkb deletion, stimulated'', and ''Bdnf deletion, stimulated'', which represent the following groups, respectively: naive control, stimulated in a normal animal, stimulated under PVT inactivation, stimulated under Trkb deletion in the SOM þ CeL neuron, and stimulated under Bdnf deletion in the SOM þ CeL neuron.
Results
Validation of the model for synaptic potentiation via postsynaptic neuron excitability
Many possibilities lead to changes in cell excitability (measured by spontaneous firing rate) (Goosens et al. 2003; Yiu et al. 2014 ). In our model, increases in excitability of the stimulated SOM þ CeL neuron are induced by the potentiation of excitatory synaptic transmissions, since we assume that the SOM þ CeL neuron receives excitatory inputs from only the presynaptic LA neurons.
First, we validated our model with the experimental results of cell excitability in response to fear conditioning (Penzo et al. 2015) . Experiments in mice have shown that fear conditioning highly elevates the frequency of mEPSC at 3 and 24 h after conditioning for synaptic potentiation, and the inhibition of CeL-projecting PVT neurons did not affect short-term synaptic potentiation at 3 h after conditioning, but completely abolished long-term synaptic potentiation at 24 h after conditioning (Penzo et al. 2015) . In model simulations, we set the parameter k PVT at 2:3 Â 10 À4 lM ms À1 and 0 lM ms À1 for situations of normal animal and PVT inactivation, respectively. Model simulations showed that the firing frequency of the postsynaptic SOM þ CeL neuron increased significantly at 24 h after stimulation for the normal animal (Figs. 3, 4b) ; under PVT inactivation, the firing frequency increased at 3 h but was abolished at 24 h after stimulation (Figs. 3, 4c, d ). These results are consistent with the experimental findings that PVT activation is required for the maintenance of the SOM þ CeL neuron excitability after stimulation (Penzo et al. 2015) .
The PVT modulation of SOM þ CeL neurons is mediated by the signaling of the BDNF receptor TrkB, and the deletion of Trkb in the CeL can impair fear conditioninginduced synaptic plasticity (Penzo et al. 2015 ). In the model, BDNF regulates synaptic plasticity through TrkB, hence, we simulated the situation of Trkb deletion by setting k gN ¼ 0 mS=cm 2 ms À1 and k BT ¼ 0 lM ms À1 . Model simulations showed that in the SOM þ CeL neuron, the spontaneous firing frequency was at the same level as that of the control state at 3 h after stimulation, in agreement with experimental observations. However, the deletion of Bdnf in the PVT leads to k PVT ¼ 0 lM ms À1 , and so the spontaneous firing frequency under the deletion of Bdnf in the PVT was the same as that under PVT inactivation, seen in Fig. 3 . These results confirm that BDNF/TrkB signaling is a mediator of PVT-CeL communication.
Postsynaptic firing frequency is determined by presynaptic Ca 2 + concentration
To investigate how stimulation induces the increase and maintenance of the postsynaptic firing frequency, we further examined the system dynamics, focusing on the dynamics of presynaptic Ca 2þ and BDNF concentrations. After stimulation, PVT and LA neurons secrete BDNF to the CeL, leading to an increase in presynaptic calcium and triggering the fusion of synaptic vesicles and the release of neurotransmitter (Schneggenburger and Neher 2000) . The released neurotransmitter and extracellular BDNF together form input signals to the postsynaptic membrane potential. Figure 5 shows the time courses of presynaptic calcium concentration C pre and ½BDNF ext after stimulation in the cases of control, stimulated, and stimulated under PVT inactivation. The results demonstrate that stimulation triggered an increase in C pre and ½BDNF ext immediately after stimulation, regardless of changes in PVT activation. However, persistently high levels of C pre and ½BDNF ext were maintained only when the PVT was active; in the case of PVT inactivation, stimulation only induced a short-term increase in C pre and ½BDNF ext , which regained their basal levels approximately 14 h later. These findings suggest that the abolishment of the increase in the SOM þ CeL neuron excitability under PVT inactivation may be associated with the recovery of C pre or ½BDNF ext post-stimulation.
We further investigated how the stimulus induces dynamical changes in C pre or ½BDNF ext and the postsynaptic firing frequency. For simplicity, we let k s ¼ k PVT þ k LA , the total rate of BDNF secretion from the PVT and the LA neurons. We varied k s from 0 lM ms À1 to 4:5 lM ms À1 , and examined the long-term dynamics of C pre and ½BDNF ext (Fig. 6 ). There was a threshold at k s ¼ 2:4 lM ms À1 (red dashed lines), above which both the presynaptic calcium concentration C pre and the postsynaptic firing frequency switched from low to high (Fig. 7) .
These results indicate that the stimulation induces persistent high excitability of the SOM þ CeL neuron only when the BDNF secretion rate exceeds a given threshold.
The simultaneous switching of presynaptic Ca 2þ and postsynaptic firing frequency (Fig. 7) suggests a potential correlation between these two factors. To further investigate the correlation, we calculated the postsynaptic firing frequency for different concentrations of presynaptic Ca 2þ . The results showed that the firing frequency obviously and in a linear fashion depends on C pre (Fig. 8) . Biophysically, increases in presynaptic Ca 2þ lead to a faster spontaneous release of synaptic vesicles and, hence, more postsynaptic action potentials. These results indicate that presynaptic Ca 2þ after stimulation is essential for the rise of the postsynaptic firing frequency, and a proper stimulation over a given threshold is necessary for persistently high levels of presynaptic Ca 2þ and postsynaptic firing frequency. The above studies have demonstrated that brief stimulation can induce an increase in the presynaptic calcium concentration and persistent high postsynaptic firing frequency. From our model, extracellular BDNF in the CeL may bind to presynaptic TrkB receptors and lead to an efflux of Ca 2þ from presynaptic calcium stores and the release of neurotransmitter (Park and Poo 2013; Leal et al. 2014; Yano et al. 2006) ; the neurotransmitter triggers a switch in the postsynaptic firing frequency from low to high. Moreover, the binding of extracellular BDNF to postsynaptic TrkB receptors activates the transcription factor CREB and promotes the intracellular expression of BDNF and the secretion of BDNF to the extracellular environment of SOM þ CeL neurons to form a positive feedback loop of BDNF expression (Johansen et al. 2011; Tyler et al. 2002; Martinowich et al. 2003) . We asked whether this positive feedback loop of BDNF expression is able to maintain the long-term excitability of the SOM þ CeL neuron after a brief stimulation.
First, experiments have demonstrated that protein synthesis inhibition in the central nucleus of the amygdala (CeA) can impair fear memory consolidation (Wilensky et al. 2006) . To determine whether postsynaptic BDNF transcription is required for high excitability, we introduced a loss of Bdnf in the SOM þ CeL neuron by setting ½BDNF in 0 lM; the postsynaptic firing frequency weakly increased at 1 h after stimulation, yet decreased to the same level as the control case at 24 h after stimulation (Fig. 9 ). This indicates that BDNF expression in the SOM þ CeL neuron is required for the induction and persistence of high-frequency postsynaptic firing following stimulation. The effects of BDNF secretion from the LA neurons to the CeL on SOM + CeL neuron excitability
In the above discussions, the long-term high excitability is supported by PVT activation and the positive feedback loop of BDNF expression in the SOM þ CeL neuron.
Nevertheless, short-term high excitability of the SOM þ CeL neuron after stimulation can be induced even under PVT inactivation (Fig. 3) . In light-foot shock training, fear conditioning upregulates BDNF expression in the LA Gean 2006, 2007) ; it is interesting to know whether the LA plays a role in the short-term SOM þ CeL neuron excitability.
In the model, we assumed that the LA neurons secrete BDNF to the CeL by axons. To discuss how the spontaneous firing frequency of the SOM þ CeL neuron depends on the secretion of BDNF from the LA, we considered the case of PVT inactivation (k PVT ¼ 0 lM ms À1 ) and varied the BDNF secretion rate k LA during stimulation. Simulations showed that the postsynaptic firing frequency at 3 h after stimulation continuously increased with the k LA (Fig. 11) 
Discussion
Fear conditioning can induce synaptic plasticity at the LACeL synapses, which is measured by increases in the frequency and amplitude of miniature excitatory postsynaptic currents. Recent studies suggest that the PVT is a crucial component in the fear-processing circuits (Penzo et al. 2015) . Here, we have developed a computational model containing the presynaptic vesicle-release process, the postsynaptic membrane potential, and the regulation of BDNF gene expression to investigate the underlying mechanisms of PVT manipulation of fear conditioninginduced long-term plasticity at LA-CeL synapses (Fig. 2) . We assumed that the SOM þ CeL neuron receives excitatory inputs only from the presynaptic LA neurons and that the excitability can result from changes in excitatory synaptic transmission. The LA-CeL synapses were potentiated when the SOM þ CeL neuron exhibited increases in spontaneous firing frequency. The model was validated by reproducing experimental findings showing that the inhibition of CeL-projecting PVT neurons impaired fear conditioning-induced synaptic potentiation of SOM þ CeL neurons 24 h after conditioning but did not affect the synaptic potentiation 3 h after conditioning, as well as the finding that BDNF/TrkB signaling is a mediator of PVTCeL communication (Figs. 3, 4) .
Model simulations indicated that the sustained high level of the postsynaptic firing frequency was associated with a persistently high state of presynaptic Ca 2þ concentration (C pre ). The postsynaptic firing frequency linearly depends on C pre (Fig. 8) . After stimulation, the binding of BDNF to the presynaptic TrkB receptor induced an increase in intracellular Ca 2þ concentration, and there was a threshold of the total secretion rate of BDNF from the PVT and LA neurons to the CeL during stimulation for the persistent increase of C pre (Fig. 7) . At this threshold level, the postsynaptic firing frequency switched from low to high at a long-term point after stimulation.
In the model, we assumed a positive feedback loop of BDNF expression in the SOM þ CeL neuron. This positive feedback is mediated by the regulation of BDNF transcription through CREB activation, and CREB activation is induced by TrkB receptors that bind to extracellular BDNF. We demonstrated that both postsynaptic firing frequency and presynaptic Ca 2þ concentration decrease with feedback strength, K B , under either control conditions or longterm after stimulation, and both phenomena exhibit switches between low and high levels with changes in K B (Fig. 10) . The critical values of K B marked a region for feedback strength at which the stimulation induced a longterm increase in the postsynaptic firing frequency. Moreover, we examined the effect of BDNF deletion in the SOM þ CeL neuron and demonstrated that postsynaptic firing frequency decreased under BDNF deletion (Fig. 9) . Our results support the idea that the positive feedback is crucial for synaptic plasticity and the formation of fear memories. However, this result requires further experimental confirmation.
This paper developed a computational model to investigate the underlying mechanisms of PVT modulation of fear conditioning-induced long-term plasticity at the LACeL synapses. The model also provides a framework for understanding other similar processes associated with synaptic plasticity. However, the proposed model only includes synapses connected to a single neuron for simplicity. More precisely, a systematic model of neuronal networks involving molecules, synapses and neurons from various brain regions involved in the fear circuits is required for a more comprehensive understanding of fear memories. A potential approach to developing this network model is to combine the single neuron model in the current study with previous network models (Li et al. 2009; Kim et al. 2013b ) to attempt to address network phenomena observed in recent studies. Furthermore, the cell membrane model in this work is based on the Hodgkin-Huxley equations with Na þ ; K þ and leak currents, and more realistic models with voltage-dependent calcium channels should be further incorporated into the model framework. 
